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ABSTRACT

This paper shows the theoretical consideration of the laws of general relativity using
Einstein equations, linking the curvature of space time. It is found that the g is a solution of the
Einstein equations and f is a diffeomorphism of the manifold onto itself, then the pullback f*g is
also a solution.
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INTRODUCTION

The laws of General Relativity are the Einstein equations, linking the curvature of space
time to its matter content.[1-2]

1
Guw = Ry — §g'WR = 2Ty, (1)

(Rationalized units 4nG = 1.) Here T,, is the energy-momentum tensor of matter, G,, the
Einstein tensor, R, the Ricci tensor[3-4] and R the scalar curvature of the metric g,.,.

According to original Bianchi identity
Viaeflgyse = Vallgyse + VaRyase + VyRapse = 0 2)
one obtains
VG =0, (3)

the twice contracted Bianchi identity . This identity (3) implies

VT, =0, (4)
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the equations of motion of matter.

The Einstein vacuum equations are

Then the equations G, = 0 are equivalent to
Riw=0

The curvature tensor[5] in arbitrary local coordinates is as

1 , 3
Fgﬂ = igwj(dagﬁu =+ 8[19(11/ - di/gaﬁ)
&y = O\I%, — 9T + IIh, — g0,
R,u_y == Rﬁa” == aa].—‘?ljl/ - 61/1—‘_?1.0 + Fgarﬂy - F?jl/]‘—‘ﬁa

P.P. denotes the principal part, i.e. part containing the highest (i.e. 2nd) derivatives.

1

The Symbol. we substitute in the principal part

apavgaﬂ by fu&/gaﬂ

(5)

(6)

(7)

(8)

(9)

10)

where £, are the components of a covector and gqp the components of a possible variation of g.

ANALYSIS

We first obtain the symbol o¢ at a point p € M and a covector § T*pl\/l for a given metric g

(U§ : g)m/ = %gaﬂ(fufagﬂv =+ fufagﬂp —&uévGas — fafﬂguu)

Here we consider,

(@.EQ)V = gaﬂéag,ﬂv ;
(63 6) = gaﬁgaﬁﬁ ’
(‘E @ C),UV — f,ucy 3

9%Pgas = trg.
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Then we can write

(0¢-9) = E®ich +igh ®E ~ i & — (6,6)9)
The general situation is as follows. We have a Lagrangian L = L(x, g, v). Here,
X. independent variables x*,u=1,...,n
g. dependent variables g,a=1,...,m
v. 1st derivatives of dependent variables vaH , N x m matrices .

Solution of the Euler-Lagrange equations. For a solution ua of the Euler-Lagrange
equations we substitute.

¢ = u'(z)
a ou®
’U# = aZL'”( )
and require.
8 aL ( » 8L g " pAR o J—
amu{ﬁu,u(u{,),du(i,))}— 5oa (72 u(2), Bu(z) = 0 a
Defining
oL
IJ =
Pa avﬁ ’
JL
fa = aqa 3
the Euler-Lagrange equations become.
opa
ozt Ja

The q, v, p, f are analogous to position, velocity, momentum and force, respectively, in
classical mechanics.

P.P. of the Euler-Lagrange equations.
a2ub
ny
hab ortorY (.’L‘,’LL(ZE), 8u(w)) ’

8271’ ( )
Ovadvb St ®

wo_
hab -
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o*u®
oxHox”
The u® are the variations of the unknown functions. We consider highly oscillatory solutions

Linearized equations. The P.P. of the linearized equations is h!} (x,u(x),du(x))

Wt = i%® (12)

Write — in place of ®. Substitute in the actual linearized equations and keep only the
€

leading terms as €e-> 0. This will give

oe 0%
174 ib
oy (2 u(2), ) 0" o (13)

This is the symbol 6. , where §, = % Thus, in general the symbol of the Euler-
X

Lagrange equations is
(o) = hhy&u&u’ (14)

= Xap(&)d (15)

where Xab(§) = h'y §.8 is an mxm matrix whose entries are homogeneous quadratic
polynomials in .

Let M be a n-dimensional manifold. Then the characteristic subset C*X C T*XI\/I is defined
by

C; = {£#0 € T,;M: null space of o¢ # 0}
= {£40 € T*M: detx(€) =0}

If§ e C’,, then we have non-trivial null space of o¢.
Simplest Example with a non-empty characteristic. linear wave equation.
u.=g"vu(w)=0

The symbol is og u = (g""¢, §)u . And we find the characteristic to be Cy={£0eT,M.
(€,8)=g""=¢, & =0}, which means C'xis a null cone in T \M.

Now return to the symbol for the Einstein equations. Set

g =¢Q8 + B¢ (16)
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for an arbitrary covector € € T".M. Then

ieg = (G, €+ (£

N~

:.'JEWC,MEV (17)
and

trg = 2(¢, %) (18)
We see that

oe-g =0 (19)
CONCLUSION

This paper summarized the null space which is non-trivial for every covector (. This is
due to the fact that the equations are generally covariant. l.e. If X is a (complete) vector field on
M then X generates a 1-parameter group {f} of diffeomorphisms of M and

d
Lxg = %ft*gh:(]

the Lie derivative with respect to X of g, is a solution of the linearized equations.
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