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INTRODUCTION

In  this paper, we
consider a simple graph G(V,E)
without isolated vertex. We
denoted by n and m to the
number of its vertices and
edges, respectively. We refer
the reader to [9] for more
graph theoretical analogist
not defined here. A subset D
of vertices set V of G is called

Abstract
For a graph G, let DSV (G) be a dominating set of G. If
V -D contains a dominating set D" with respect to D,
then D' is called a complementary (inverse)
dominating set of G. The smallest cardinality among
all complementary dominating sets of G is called the
complementary domination number of G and it is
denoted by yJG). In this paper, we study
complementary dominating energy Ec»(G) of a graph
G. We are compute complementary dominating
energies of some standard and well-known families of
graphs. Upper and lower bounds for Eq(G) are

Kulli  [15]. For
details in this concept see
[4, 12, 16]. For more
details in

more

domination
theory of graphs we refer
to [10].

The concept of energy of
a graph was introduced
by I. Gutman [7] in the
year 1978. Let G be a
graph with n vertices and

a dominating set of G if every ~ established.

vertex v € V -D is adjacent to

some vertex in D. The

domination number y(G) of G Keywords: dominating
is the minimum cardinality of  domination number,

a minimal dominating set in G. matrix,

A dominating set D' contained
in V. -D is
complementary (an inverse)

called a
dominating set of G with K. B. Murthy
respect to D. The smallest
cardinality among all
dominating sets in V -D is
called the

number of G and it is denoted by y/[G). Any

complementary (inverse) domination
complementary dominating set of G which has y/(G)
vertices is called a y.-set of G. If a graph G has no
isolated vertices, then the complement V -D of every
minimal dominating set D contains a dominating set.
Thus every graph without isolated vertices contains a
complementary dominating set with respect to a
minimum dominating set and so every graph has a
complementary domination number. This concept of

complementary domination was introduced by V. R.
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m edges and let A = (a;)
be the adjacency matrix
of the
eigenvalues Ay A,,...,A, of

graph. The
set, complementary
assumed in  non
eigenvalues, increasing order, are the
eigenvalues of the graph
G. As A is real symmetric,
the eigenvalues of G are
real with sum equal to
zero. The energy E(G) of
G is defined to be the
sum of the absolute

values of the eigenvalues of G, i.e.
EG)=3 Al
i=1 .

For more details on the mathematical aspects of
the theory of graph energy see [2, 8, 18]. The basic
properties including various upper and lower bounds
for energy of a graph have been established in [17, 19],
and it has found remarkable chemical applications in
the molecular orbital theory of conjugated molecules
[5, 6]. Recently C. Adiga et al [1] defined the minimum
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covering energy, E¢(G) of a graph which depends on its
particular minimum cover C. Further, minimum
dominating energy, Laplacian minimum dominating
energy and minimum dominating distance energy of a
graph G can be found in [11, 13, 14] and the references
cited there in.

Motivated by these papers, we study complementary
dominating energy Ey(G) of a graph G. We compute
complementary dominating energies of some standard
and well-known families of graphs. Upper and lower
bounds for E¢p(G) are established. It is possible that the
upper dominating energy that we are considering in
this paper may be have some applications in chemistry
as well asin other areas.

The Complementary Domination Energy of a Graph

Let G be a graph of order n with vertex set V
(G) ={vy,Vvy,...,v,} and edge set E(G). Let D be a y-set of a
graph G. A dominating set D' CV -D is called a
complementary dominating set of G with respect to D.
The complementary domination number y(G) of G is
the cardinality of a smallest complementary
dominating set of G. Any complementary dominating
set D' with cardinality equals to y.(G) is called minimum
complementary dominating set of G. The
complementary dominating matrix of G is the n x n
matrix Acp(G) = (0;), where

1, if vy € K,
ity = 1, ifi=jand v, € D;
0, othewise.

The characteristic polynomial of Aq(G) is denoted by

fa(G,A) := det(Al -Acp(G)).

The complementary dominating eigenvalues
of the graph G are the eigenvalues of Aq(G). Since
Acp(G) is real and symmetric, its eigenvalues are real
numbers and we label them in non-increasing order A,
> A,2... 2A,. The complementary dominating energy of
G is defined as:

Eop(G) =) |\l
i=1 .

We first compute the complementary dominating
energy of a graph in Figure 1

Figure 1

Let G be a graph in Figure 1, with vertices set
{vy, vy, V3,4, Vs, ve} and let its dominating set be D =
{vy,v3}. The complementary set of G with respect to D
are

Dy ={vz,vs}, Dy = {v4, v6} or Dy = {va, 04}
Then

Acp, (G) =

1 0011

1
\1 10010

The characteristic polynomial of Ax:(G) is

F(GA) = A5 =20° 72" + 7A% + 1377 -4 -4

Hence, the complementary dominating eigenvalues are
A1 = 3.4715, A, = 1.6524, A3 = 1.3061, A, = 0.6947, A5 =
-0.4983, A¢ = —-1.6973. Therefore the complementary
dominating energy of G is

Ecpa(G) = 9.0035.

If we take another complementary dominating set of

/ — 1 1~
G, namely Dy = {w, 16}, we get that
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The characteristic polynomial of Axp,(G) is

Acp,(G) =

f(GA) = 2°-24° 71" + 6A° + 1477 -42 -8.

The complementary ~ dominating
eigenvalues are A; = 3.2361, A, = 1.4142, A; =
1.0000 A;= -1, A5 = -1.2361 A¢ = -1.4142.
Therefore the complementary dominating
energy of G is
Ecpa2(G) = 9.3006.

This example illustrates the fact that the
complementary dominating energy of a graph G
depends on the choice of the complementary
dominating set. i.e. the complementary
dominating energy is not a graph invariant.

In the following section, we introduce
some properties of characteristic polynomials
of complementary dominating matrix of a
graphG.

Theorem 2.1. Let G be a graph of order n, size
m, complementary dominating set
D and let

fGA) =cA"+¢c," 46, P+,

be the characteristic  polynomials  of
complementary dominating matrix of a graph
G.

Then

1. Co= 1.
2. C1:_|D|

Proof. 1. From the definition of f,(G,A).

2. Since the sum of diagonal elements of Acp(G)
is equal to |D|. The sum of determinants of all 1 x 1

principal submatrices of Acp(G) is the trace of Aqp(G),
which evidently is equal to |D|. Thus, (-1)"c;= | D|.

3. (-1)’cis equal to the sum of determinants of all 2
x 2 principal submatrices of Acp(G), thatis

iy @y
Ca = E '

1 <i<lf<n Qji  Qjj

= Z (aja;; — a;;a;;)

1<i<3<mn
2
= E (Lii 0 E ag;
1<i<j<n 1<i<ji<n

|D|

= — T,

Theorem 2.2. Let G be a graph of order n. Let A,,A,,...,A,
be the eigenvalues of
ACD(G). Then

Tl
(i) 3 A= D]
1
n
(i) Z/‘ﬁ = |D| + 2m.
i

Proof. (i) Since the sum of the eigenvalues of Ax(G) is
the trace of A(G), then

m Tl
z)‘tf = ZEIET = “’)
i=1 i=1

(ii) Similarly the sum of squares eigenvalues of Ac(G) is
the trace of (ACD(G))Z. Then

n m Tl

2 _
E A —E E 504
i=1

i=1 _,‘=|.

L1 Tl
= @y + gy iqg
=1

17#]

m mn
_ 2, . 2
= E @, + 2 E Oy
i=l1

1]

D)+ 2m.

Bapat and S. Pati [3], proved that if the graph energy is
a rational number then it is an even integer. Similar
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result for minimum dominating energy is given in the
following theorem.

Theorem 2.3. Let G be a graph with a
If the
complementary dominating energy E(G) of G
is a rational number, then

complementary dominating set D.

Eco(G) = |D| (mod 2).

Proof. Let ApA,...,A, be the complementary
dominating eigenvalues of a graph G of which
AyA,,..., A, are positive and the rest are non-
positive, then

n

Z |Aa‘ = (/\1 + )\2 +..t )\r) o (AM] + Ar+2 +ot /\n)

=1

=2A+ A+ .+ A) (A + A+ +AY).

=2q- |D|. Whereq=A1+ A +... + A,
Since A3,A,,...,A, are algebraic integers, so is their
sum. Hence (A; + A, +... + A,) must be an integer
if Ecp(G) is rational. Hence the theorem.

The Complementary Dominating Energy of Some
Graphs

In this section, we investigate the exact values

of the complementary dominating energy of
some standard and well-known graphs.

Theorem 3.1. For n > 2, the complementary
dominating energy of complete graph

Ky is

EcpfKy) =(n =2) +fn®-In -3),

Proof. For complete graphs K,, let Dl={vi} forl<i<n
be the complementary dominating set with respect the
dominating set D = {v}} for i # j, 1 < j < n. Since, the
complementary dominating number is equal to the
domination number (namely one). Hence, we get the
complementary dominating matrix Agp from the
minimum dominating matrix Ap [14] by pair of
rearranging the rows and columns.

Therefore,

EenlE ) =EplE )= (n—2)+~ (n: 2n -5

Theorem 3.2. For the complete bipartite graph K,,, 2 <
r, the complementary dominating energy is equal to

(gl Vo' bt o

Proof. For the complete bipartite graph K, ,, (2
< r) with vertex set V = (V,,V,) where V; and V, are the
partite sets of its, V1= {vy, vy, ,v,} and V= {uyuy, - ,u,}.
D = {v,u} and the
complementary dominating set with respect to D is D'

The dominating set s

= {v,,u,}. Hence, the complementary dominating matrix
of K.,

get it from Ap(K.,) by Pair of rearranging the rows and
columns. Then

Aep( Kpy)

SalKrp A) =

ey

=N N -DA-(-D) (N = (r+DA—(r-1))
The spectrum of K, .is CD Spec(K.,) =

o

( T {r 1) VTEr 3 e VE IS (rh Vs
0 3 3 3 E]

2r —4 1 1 1 1

Therefore, the complementary dominating energy of a
complete bipartite graph is

EcnlK )=+ 1)+ +2r -3
Theorem 3.3. For n 2 2, the complementary
dominating energy of a star graph K .-, is equal
to
(-2} T +/4n—3

Proof. Let Ky,-1 be a star graph with vertex set V =
{vo, vy, vy, ,V,1}, Where v is the central vertex. Since

Available online at www.lsrj.in
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the minimum dominating set of Ky,1 is D = {vo} it
follows that the complementary dominating set of
K1,n-1 With respect to D is D'= {vyvy,...,v,_1}. Hence, the
complementary dominating matrix of Ky -1 is

001 1 |
11 0 - 0

Aep(Kynq)=]11 01 --- 0
1 00

X

The characteristic polynomial of Acp(K1,p-1) is

A -1 -1 -1

-1 A=1 0 ]
fri([(l\n—l-. )\) = 7] 0 )\ - 1 e U

-1 0 0 A—-1

The spectrum of Ky -5 is

1 14y/TH(n=1)  1-y/144(n—1)
2 2

n—2 1 1

CD Spec(Ky,-1) =

Therefore, the complementary dominating energy of a
star graph is

Fc',r_‘.[f‘l.'hn_-_:l = (n—2) 4+ +dn — 3.

Definition 3.4. The double star graph S, ., is the graph
constructed from union Ky,_; and Ky -1 by join whose
centers vertices voand uyby an edge. A vertex set

V (Sn,m) = {vo,Vy,...,Vo-r,Ug Uy,...,Um-1} and edge set E(S,, )
= {volo,VoVsUguj: 1 < i < n-1,1<j<m-1}. Therefore,
double star graph is bipartite graph.

Theorem 3.5. For m 2 3, the upper dominating energy
of double star graph S, is equal to

(2 —4)+ 2m +2m — 1

Proof. For the double star graph S,,, , with vertex set V =
{voVy...,Vm_p,Ug Uy,...,Uum_1} the dominating set is D =
{voug}. Hence the complementary dominating set of
Smm withe respect to D is D! =
{vy V.oV, U, Us,...,Um-1}. Then

_h'),r_‘.l:.:b'm,mlj = 10

Imx2m
The characteristic polynomial of Acp(Sy,m) is
A -1 -1 -1 -1 0 0 0
-1 A—-1 0 0 0 0 0 0
-1 0 A-1 00 0 0 0
—1 0 0 A—=1 0 0 0 0
fn(Sms A) =] =1 0 0o - 0 A -1 =1 e =1
0 0 0 0 -1 A—-1 0 0
0 0 0 0 -1 0 A—1 0
0 0 0 0 —1 0 0 0
0 0 0 0 -1 0 0 A—=1
2m—4 (2 2
=(A=1" (N =m) (¥ =20 (m-2))
Hence,
T — T 1+ .M =1 —vm=1
CD Spec(Smm) — 1 Vm o —ym 14+ym—1 1—4m—1
2m —4 1 1 1 1

Therefore, the complementary dominating energy of
double star graph is

Eco(Spm) = (2m =)+ 2ym+m— 1

Definition 3.6. The cocktail party graph, denoted by
Kaxpr is a graph having vertex

2
set V(Kyp)=U

{,wi} and edge ser EUR ) = {ygpypnmnyiy 1 2 <=1/ =p) e

aw=2p, m = Jgj,g;g"_fo:‘ everv @ V(&) div)=2p -2

Theorem 3.7. For the cocktail party graph K., of order
n =2p, p 2 3, the complementary dominating energy is
equal to

(2p-3)+/4p? —4p — 9.

Proof. For cocktail party graphs K., with minimum
domination set D {upvi} for 1 < i £ p the
complementary dominating set with respect to D is D"
={uyvj} for j#iand 1 <j < p. Hence, for cocktail party
graphs the complementary dominating matrix get from
a minimum dominating matrix [14] by rearranging the
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rows. Therefore the complementary dominating
energy

Eop(Kawn) = Ep(Kp) = (2p—3) +/4p2 — dp— 9.

4Bounds for Complementary Domination Energy of a
Graph

In this section we shall investigate with some bounds
for complementary dominating energy of a graph.

Theorem 4.1. Let G be a graph of order n and size m.
Then
J2m + ve(G) = EgpiG) =/n(2m + yc(G))
Proof, Consider the Couchv-Schwartiz inequality

R

By choose g;=1 and &;= |44, we get

< n(2m + |D|)

< n(2m + 7.(G)).

Therefore, the upper bound is hold. For the lower

bound, since
n 2 n
(Z |,\5) >y N

Then
n
(Ben(G)? = YA = 2m +|D| = 2m + 1.(G).
=1

Therefore.
angrelore,

EcplG) = v2m + 7.(G).
Similar to McClellands [19] bounds for energy

of a graph, bounds for Ec(G) are given in the following
theorem.

Theorem 4.2. Let G be a graph of order and size n and
m, respectively. If P = det(Ax(G)), then

r .
Eonl(Q) = I,*.-"E;'i-i + Ve[ G) + n(n — 1) P,

Proof. Since

(Eon(@)* = (Zw) = (Z m) (Zw) =3 INFH2D AN
i=1 i=1 i=1 i=1 i#]

Employing the inequality between the arithmetic and
geometric means, we get

1/[n{r=1)]
1
Al = il
T Z Al > (Hu ||\,|)

i)

Thus

- 1/[n{n—1)]
(Eup(G))* 2 3 IMf +nln—1) (H RHIPY )

i=1 oy

~ 1/[m{m=1})]

= ZMJ" +n(n—1) (H M2t 1-.)

i=1 e

z [N+ nln—1) H’\J
= )

=2m + v.(G) + n(n — 1)P3n,

This completes the proofll
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