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§1. INTRODUCTION.

The concept of I'- nearring was introduced by Satyanarayana
[8]. Also M. K. Rao [6] studied T-semir ring and then N. K. Saha at el
[7] defined the generalization of I-semirring and - near ring as a I-
semi-near rings and studied its properties. The notion of quasi-ideal,
which is generalization of a left and a right ideal, is first introduced for
semigroups by Stenfeld[11] and then for rings[10-12] and its
properties. Iseki [5] introduced the concept of quasi-ideals for a
semiring without zero and gave some characterization of it. Shabir et al
[9] studied quasi-ideals of discussed quasi-ideals of I-semir ring

Chinram([2-3] studied quasi-ideals of I'-semigroups and I-
semir ring. Also Dutta[4] discussed quasi-ideals of I'-semir ring In this
Paper, we introduce the concept of quasi-ideals of a I'- semi near ring
and study its properties. Throughout this paper M denotes a right I'-
seminearring and we shall call it I'-seminearring only unless otherwise
specified.

§2. PRELIMINARIES.
We begin with the following definition.

Definition 2.1. Seminearring:-A nonempty set N together with two
binary operations ‘+' and ‘-’ satisfying the following conditions, is said
to be a seminear ring.
(N, +) is a semigroup,
(N, -) is a semigroup,
(xty)z=xz+yz forallx,y,z e N.

Precisely speaking ‘seminear ring’ is a ‘right seminear ring’
here since every seminear ring satisfy one distributive law (left / right
distributive law).

Every near ring is a seminear ring but
every seminear ring need not be a
nearring. For this we consider the
following Example.

Example 1:-let N = {[g g] / a, b be

nonnegative integers}, (N, + .) s
seminear ring under the matrix addition
and matrix multiplication. Here N is a
seminear ring which is not a near ring
since (N, +) is a semigroup but not a
group since additive inverse does not
exist for all members of N.

Definition 2.2. -near ring:-Let (M, +) be a
group (need not be abelian) and I be a
nonempty set. Then M= (M, +, T) isaTl-
near ring if there exists a mapping
MX T XM->M ( the image of (x, a,
y)—=xay) satisfying  the  following
conditions :

i) (M, +, a)isaright nearring,
i) xa (yBz) = (xay) Bz forall x, vy, z

EManda,BET.

Precisely speaking ‘T-near ring’
is a ‘T-near ring’. Every near
ring is a special type of -near ring
for singleton set I whereas every
l-near ring a near ring for each
member of T[. See the following
example.

Example 2: LetG=2Z3=1{0, 1, 2, ..7},
the additive group of integers modulo
8 and X= {a, b}. Define m;: X—>G, mj(a)
=0, mi(b) =i, for 0<i < 7. such that M
={my,my ,..., my} and let I = { gy ,81}
where g; :G—X define by

01234567
g0=(aaaaaaaa)'

(01234567
Bi=-\aaabaaab
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Forme M, g €T, x €G. Take mgx = m(g(x)).
Then (M, +, T) becomes -near-ring.
Definition 2.3. I'-seminear ring:-Let M be an additive semigroup and I be a nonempty set. Then a semigroup
( M, a) is called a right I'-seminear ring if there exists a mapping M x 'x M > M (denoted by (a, a, b) = aab)
satisfying the conditions:
i) (atb) ac=aactbac,
il) aa(bBc) = (aab)Bc
for all a, b, c € M and a, B € T. Precisely speaking ‘T’-seminear ring’ to mean ‘right I'-seminear ring’.

Every -near ring is a [-seminear ring but every -seminear ring need not be a -near ring. For this we
consider the following Example.
Example 3: Let M = {[g g] / a, b be nonnegative integers} =, Then (M, +, I) is [- seminear ring under the
matrix addition and matrix multiplication. Here N is a seminear ring which is not a near ring since (M, +) is a
semigroup but not a group since additive inverse does not exist for all members of M. Define M xI'xM > M
(denoted by (a, a, b) > aab) where aab is matrix multiplication of a, a, b Then M is a I-seminear ring but not
a M-near ring. Since (M, +) is a semigroup which is not a group.
Definition 2.4. Sub-T'-seminear ring:- Let M be a I'-seminear ring. A nonempty subset M’ of M is a sub-T"-
seminear ring of M if M’ is also a I'-seminear ring with the same operations of M.
Definition 2.5. Ideal of a I'-seminear ring:-A subset | of a I-seminear ring M is a left (resp. right) ideal of aI'-
seminear ring M if | is a subsemigroup of M and rax €l(resp. xar €l) forallx,y €1 andre M, a € T.

If I is both left as well as right ideal then we say that | is an ideal of M.

Example 4: Consider the example of I-seminear ring (M, +, .) mentioned above. We have I={[20a 20b] / a,

b be nonnegative integers} is an ideal of M.
Definition 2.6 : Let | and J be two nonempty subsets of M, then we define
I+J={i+]j/i€l, jel}and
IT)={X" X0, V;/X€EI GET, y; EJ}
If J is the set of natural numbers, then
IT={Xr x;0; /XE€J, ;ET}.
Definition 2.7. Let X be two nonempty subset of M. By (X), we mean the left ideal of M generated
by X(i.e., intersection of all left ideal of M containing X).
Similarly (X), (X):denote the right and two sided ideal generated by X respectively.
Definition 2.8. Let left (right, two-sided) ideal | of a of I-seminear ring M is said to be left (right,
two-sided) k-ideal of M if a, a+x € |, then x € |, for any xé M

§3. QUASI IDEALS OF A I-SEMINEAR RING.
Firstly we see the two basic results
Theorem 3.1. For each nonempty subset X of M the following two statements hold.
(1) MT X is a left ideal,
(i1) X I'M is a right ideal,
(1)) .MT XT Mis an ideal of M.
Proof. (i)
MT X ={ Z?:l m; a; X; / miEM, (Xie F, Xi € X}
Leta,be MT X
Then a+b =X m;o; x; + Z}lzl m; B; y;
Implies a+b is a finite sum. Hence a+b € M T X and this shows M T X is a subsemigroup of (M, +). For t€ M,
a€ MrX, and BE T, then
tha =t mya; x;) = Lilg th (my oy x;) = Xit,(tAmy) oy X; EMTX.
Therefore M T Xis a left ideal of M.
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(i) Similarly we can prove that XI' M is a right ideal of M.

(1i1)By (i)MI'X is a left ideal of M. Hence MI'XI'M is a right ideal of M by (ii).

(iv)Similarly, by (ii) XI'M is a right ideal of M. Hence MI'XI'M is a left t ideal of M by (i). Therefore
MI'XI'M is an ideal of M.

Theorem 3.2. For any nonempty subset X of M we have

(i) If M has right unit element I, then (X) ; =M T X,

(i1) If M has right unit element I, then (X), = XI'M,,

(iii) If M has right unit element I, then (X); =M I'XI'M.

Proof. Let M contain left unit element I. Then | aa = a, for every a€E M and a €T. For any X € X, x = lax €

MrIX. Hence X is a subset of MI'X. As MIX is a left ideal of M, NX €M T X. But then we have (X); = NX +MIX

(see [2]). This iplies (X), = MI'X +MIX € M T X. As (X), is the smallest left ideal of M containing X. This shows

that (X), = M I X. Similarly, we can prove that (X), =XI'M and (X); =M IXIM.

Chinram [2] has defined a quasi ideal Q in a I-seminear ring M as follows.

Definition 3.3. A subsemigroup Q of (M, +) is a quasi-ideal of M if

(MTrQn(Qrm)ca.

Example 5. Let N be the set of natural numbers and T = 2N. Then N is a I-seminear ring and A =3N is a

quasiideal of a -seminear ring N.

Example 6. Consider a I-seminear ring M = M;,X,(No), where Ny denotes the set of natural numbers with zero

and I =M. Define A aB = usual matrix product of A, a and B € M. Then Q = {[g 8] / a ENg }is a quasi-ideal of

a -seminear ring M.

Properties.

(1) By a quasi-ideal Q in a I'-seminearring M we mean an additive subsemigroup of M such
that (MI'Q)N(Q I'M) €Q(See Iseki [5]). As every seminearring is a I'-seminear ring. The two
definitions given in [2] and [5] of quasi ideals coincide in a seminearring.

(2) Every quasi-ideal of M is a sub I'-seminearring of M.

(3) Every one sided ideal or two sided ideal of M is a quasi-ideal of M but converse need not be

true. For this consider I'-seminear ring given in Example (5). Here Q = {[g g] / a €Ny } is a quasi-

ideal but neither a left ideal nor a right ideal of M.
(4) If Q; and Q; are quasi-ideals of M, then Q;I'Q, need not be a quasi-ideal of M. For this consider
the following example

Example 7. If T = {[Z 2]/ a,b € R"}, then T is a semigroup with respect to usual matrix
multiplication.

_a O + 0 0 _ . . . . .
IfM = {[b 1] /a,b €R }U {[0 0] } and I' = M, then M is a ['-seminearring with usual matrix
multiplication. Define + in MbyA+B=0ifA,BEMand A+0=0+ A=A, forall A€ M. If

_(a O + 0 0
Qi = {[b (1)]/a,b €ER",0<a<blU {[0 o] \ and
a

Q=% rab R a>0,b>5}u {[g g]}

Then Q, is a right ideal and Q, is a left ideals of M and hence Then Q; and Q, are quasi-ideals of M. But Q; T
Q, is not quasi-ideals of M.

(5) The sum of two quasi-ideals of M need not be a quasi-ideal of M. We illustrate this by the
following example.

Example 8. Let M = M,X,(Ng) be a M-seminear ring, If [ = M, then M forms a I —seminearring with AaB =
usual matrix product of A, a and B € M for allA,a and B € M.

Q = {[g g]/ a€Ng }and Q; = {[8

a O . -
{[0 b] / a, b ENp}is not a quasi-ideal of M.

2]/ a €Ny} are quasi-ideals of a I-seminear ring M. But Q; + Q, =
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(6) Arbitrary intersection of quasi-ideals of M is either empty or a quasi-ideal of M.
Proof. Let T = N;eA{Q; /Q; is a quasiidealof M}, where A denotes any indexing set, be a
nonempty set. T is a subsemigroup of (M, +). Further
(MTT)N (TTM) = (M T(Niea QDN ((Niea Qi) TM) < (Q TM)N (MT Q)
c Qi.
For alliea. M IT)N (TTM) € N;c, Q; =T. This shows that T is a quasi-ideal of M.
(7) The set of all quasi-ideals of M forms a Moore family and hence a complete lattice(see
Birkhoff[1]).
(8) If Q is a quasi-ideal of M, then Q> QT'Q S Q.
Proof. As Q is a quasi-ideal of M,(MIX)n (XT'M) € Q. We have Q%= QrQ € QrM. Hence Q*=QrQ c (Mra)n
(XrM) € Q. Thus Q?=QrQ = Q.
(9) For each nonempty subset X of M, (MI'Q)N(XI'M) is a quasi-ideal of M.
Proof. M T (M IX)N (XIM) T™M = (M TM)IX)NXT (MIM)
C (MIX)N (XTm).

Therefore, (MIX)N (XI'M) is a quasi-ideal of M.
(10) If M has an identity element 1, then every quasi-ideal of M is expressed as an
intersection of a left ideal and a right ideal of M.
Proof. Let M be a l-seminear ring with an identity element 1. Let Q be a quasi-ideal of M. Then (MrQ) is a
left ideal and (QI'M) is a right ideal of M(see result 3.1). As M contain an identity element 1, by result (3.2)
we have (Q), =M ' Q and (Q),, = QI'M. Therefore Q<€ (Q), =M T Qand QC (Q), =Q M imply Q ES(MIrQ)n
(QrM). But Q being a quasi-ideal of M, (MIQ)N (Q'M) € Q. Therefore Q = (MFQ)N (QI'M). Thus every quasi-
ideal of M is an intersection of a left ideal and a right ideal of M.
(11) Intersection of a right ideal and a left ideal of M is a quasi-ideal of M.
Proof. Let R be a right ideal and L be a left ideal ofM. Then RNL) is a subsemigroup of (M, +).
Further M T (RNL) N((RNL)IM) € (MTL)N (RFTM) € LNR. Hence RNL is a quasi-ideal of M.
Recall that an element e of M is an idempotent elements in M. We obtain quasi-ideals in M. Now we prove
the following.
Theroem 3.4. Let L be a left ideal of M. Then for any idempotent elements e of M, elL is a quasi-ideal of M.
Proof. First we prove that elL = L N( efM). We know (efM)+( efM) = el(M+M) € elM. Hence elM is a
subsemigroup of (M, +). As (eTM)I'M = el(MI'M) € el[M, elM is a right ideal of M. As e € M and L is left ideal
of M, elL € L. Further elL € elM. These will imply el[L € LN (elM). For the reverse inclusion let a € LN
(elfM)..
Thena= Y, eaq;x; for xx;EM, o; € T.
Thusa= X', e?o;x; = 2l (eae)a; x; = ea X, eq; X; = eaa € elL. This shows that L N( elM) € efL,.
Hence L N( elM) = elL.

As Lis a left ideal and elM is a right ideal of M we get elL is a quasi-ideal of M(see Property (11)).

As in Theorem 3.1.3 we can prove the following therorem.
Theorem 3.5. Let R be a right ideal. Then for any idempotent elements e of M. Rle is a quasi-ideal of M.
Theorem 3.6. Let R be right ideal and L be a left ideal of M. Then for any idempotent elements e, f of M,
elMTrf is a quasi-ideal of M.
Proof. First we prove that, elM[f = (eM) N(MTle).
elfMrf = (efM)If € efM and elMrf = el(MIf) € Mre. Thus
elMrf € efM N(Mre). Let a € (MTle) N(elfM)
Then a= 3%y x; aof =Xy x; o(f af) =Sy (xi i f) af =Sy (eB; v)) af
Thusa= af,forall e ET.Asa€elM,a EI= a=aaf € eTMIT.
We get (eTM) N(MTe) € elMTrf. Thus (efM) N(Mrle) =elMTf. As MTIf is a left ideal and elM is a right ideal of
M we get (elfM) N(Mre) = elMTf is a quasi-ideal of M(see property (11)).

Intersection of a quasi-ideal and a sub a I-seminear ring of M is a quasi-ideal of that a subl-seminear
ring of M. We prove that in the following theorem.
Theorem 3.7. If Qis a quasi-ideal and T is a sub -seminear ring of M the QNT is a quasi-ideal of T.
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Proof. As QNT is a subsemigroup of (M, +) and QNT is a subsemigroup of (T, +). Further,
THT N Q) N(TrQ)IT < (TrQ) N(QrT) € (MrQ)n(QrMm) < Q.
And TT(T N Q) N(TNQ)IT S (TIT) N(TIT) S TNT CT.
This implies TI(T N Q) N(TNQ)IT € QNT. This shows that QNT is a quasi-ideal of T.
Definition 3.8. A [-seminear ring M is said to be a quasi-simple -seminear ring if M is unique quasi-ideal of
M, i.e., M has no proper quasi-ideal.

A characterization of quai-simple -seminear ring is given in the following theorem.
Theorem 3.9. If M is a [-seminear ring, then M is quasi-simple T-seminear ring if and only if (Mla) N(arMT) =
M, forall a € M.
Proof. Suppose M is a quasi-simple I-seminear ring. For any a€ M. (Mrla) and (alM) are left and right ideals
of M respectively. Therefore (Mra) N(alfM) is a quasi-ideal of M(see property(11)). Further (Mla) € M and
(arM) € M imply (Mra) N(alfM) € M. As M is a quasi-simple [-seminear ring , M = (Mla) N(alfM) .
Conversely, suppose that , M = (Mrla) N(alM). Let Q be quasi-ideal of M. For any q € Q, by assumption we
have, M = (Mlq) N(gfM) € (MIFQ) N(QrM) € Q. Therefore MS Q. Thus M = Q. Hence M is a quasi-simple I-
seminear ring.
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