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ABSTRACT:

In this paper ,a new kind of sets called Zc-generalized closed sets
and generalized Zc-closed sets are introduced and studied in a
topological spaces by using the concept of operation on topological
space. Also Zc-separation axioms are introduced and discussed, and
we also studied the basic characterizations of the Zc-regular, Zc-
normal spaces.
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1.INTRODUCTION:

The concept of Z-open sets was introduced first by A.LLEL-
Magharabi and A.M.Mubarki [1] in 2011. Throughotist paper
(X,r) or simplyX represent topological space with topolagyrhe
end or omission of the theorem,proposition or lemsndenoted by
m.

2.PRELIMINARIES:
Definition 2.1[2] : A subsefA of a space is said to be
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i) Z-open set if Ac cl(6-
int(A))uint(cl(A)),
i) Z-closed set if int(é-

cl(A))ncl(int(A)) = A. The family of all
Z-open (respZ-closed sets) subsets of a
space X,7) will be denoted byZO(X)
(resp.,ZC(X)).

Definition 2.2[4]: (i) A subsetA of a
spaceX is Zc-open’if for eaclxk e Ae
ZO(X) ,there exists a closed detsuch
thatxe F c A. A subsetA of a spaceX
is Zc-closed if X—A is Zc-open. The
family of all Zc-open(respZc-closed)
subsets of a topological spacé) is
denoted byZcO (X,r) or ZcO(X) (resp.
ZcC X7) or ZcC(X)).
(ii) A subsetA of a space is Zs-open if
for eachxe A€ ZO(X),there exists a
semiclosed sdt such thake Fc A. A
subsetA of a spaceX is Zs-closed if
X—A is Zs-open. The family of alZs-
open subsets of a topological space
(X,7) is denoted byZsO(X,t) or ZsO(X).

Definition 2.3[2]: Let A be a subset of a
topological spaceXt).Then a poinpe

X is called & -limit point of a sefAc X

if every Z-open selG € X containingp
contains a point of A other than p. The
set of allZ-limit points of A is called a
Z-derived set ofA and is denoted by-
d(A).

Definition 2.4[5]: A subset A of a

topological space Xt) is said to be
()6-closed if A = §- cl(A),where 6-

c(A) = {xeX: ANint(cl(U))# @9, U et

and x € t}and its complement is5-

open.

(i) 6-open if for eachxeA, there exists
an open seG such thatxeG c cl(G)

cA and its complement B-closed.
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Definition 2.5:[3] Let A be a subset of a topological spa¥e). A is said to b&-regular open inX iff A= 6-
int(6-cl(A)).

Definition 2.6:[1] A spaceX is calledd-T, space iff for eaclk # y in X there exist disjoint8-open setd),V such
thatxe U, ye V.

3.BASIC PROPERTIES OF ZC-OPEN SETS:
Definition 3.1: Let (X,7) be a topological space. Then

(i) the union of allZc-open sets contained i is called theZc-interior of A and is denoted byc -Int(A).
(ii) the intersection of alfc-closed sets containinyyis called theZc-closure of A and is denoted ¥c-cl(A).

Result 3.2:If Ais Zc-closed therzc-cl(A) = A.

Propositon 3.3:Let A be an Zc-open subset oK. Thenx e Zc-cl(A) iff for any Zc-open setJ containingx,
U NA= 0.

Proof: Letx € Zc-cl(A).Suppose thdt) NA=@.Suppose thdt) NA=@ for someZc-open selJ which contains.
Then ¥—U) is aZc-closed set anAc(X—U) and saZccl(A)S Zc-cl(X—U).ThusZc-cl(A) € X—U, by result 3.2 and
so xe (X—=U) which is a contradiction. Hendg NA+ @.Conversely, Suppose that there existZesopensetJ
containing x with U NA=0@.Then AS(X—U) and ¥-U) is Zc-closed withx¢ (X—U).Hencex ¢ Zc-cl(A), a
contradiction m.

Definition 3.4: Let (X,7) be a topological space. Then

() the union of allZs-open sets contained iA is called theZs-interior of A and is denoted bys Int(A).
(ii) the intersection of alfs-closed sets containimyis called theZzs-closure of A and is denoted ¥s- cl(A).

Proposition 3.5: Let A be any subset of a spa¥elf a pointx is in theZs- Int(A),then there exists a semi closed set
F of X containingx such that € A.

Proof: Suppose that € Zs -Int(A),then there exists Zs-open setJ of X containingx such that) € A. SinceU is a
Zs-open, by definition there exists a semi closedrsebntainingx such thaf is the union of semiclosed aZd
open by proposition 4.3 of [2].

Hencexe FC A m.
Theorem 3.6:Let A be a subset of a spa¥eThen

0] X\ Zc-Int(A) = Zc-cl(X\ A)
(i) X\ Zc-cl(A) =Zc-Int(X\ A)

Proof: For (i): For any poink € X ,if x e X\ Zc- Int(A) & x¢ Zc- Int(A) <for eachBe ZcO(X) containingx,
we haveANB=0 <xe B < (X \ A) & x € Zc-cl (X \ A).Similarly we can prove (iim.

Theorem 3.7:1f AandB are any subsets of then the following properties holds:

0] If ASB thenZc- Int(A) € Zc- Int(B) andZc-cl(A) € Zc-cl(B)
(i) Zc- Int(A) U Zc -Int(B) < Zc- Int(AUB)

(iii) Zc- Int(A) N Zc- Int(B) € Zc- Int(ANB)

(iv) Zc-cl(A) U Zc-cl(B) < Zc-cl(AUB)

(v) Zccl(ANB) € Ze-cl(A) N Zccl(B) m

Definition 3.8: Let A be a subset of a topological spa¥g). Then a poinpe X is called a Zc -limit point of a set
Ac X if everyZc-open seG < X containingp contains a point of A other than p. The set oZellimit points of A
is called aZc-derived set oA and is denoted bxc-d(A).
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Proposition 3.9: A subset A of a spaceX is Zc-closed iff it contains the set of all limit points
Proof: Assume thaf is Zc-closed and if possible thats a Zc-limit point of A which belongsto X\ A ,then
X\ A is Zc-open set containing th&c-limit point of A ,therefore AN X \ A# @ which is a contradiction.
Conversely, assume thatcontains the set of it&c-limit points. For each xe X\ Athere
exists aZc-open setJ containingx such thatANU =@ thenx € Uc X \ A.ThusX \ A is Zc-open and hence is
Zcclosed m.

Propositon 3.10 Let A < (X,7).A pointxeX is said to be iZc-cl(A) iff for eachZc-open setJ containingx such
thatUNA+ @.

Proof: Let x € Zc-cl(A) and supposeNA=0,for someZc-open setJ, xeU.ClearlyX \ U is Zc-closed andhc (X

\ U),thusZc-cl(A) € (X \ U) which then implies thate (X \ U),a contradiction. TherefoldNA = @.Conversely,
SupposeUNA= @ whereU is Zc-open with xeU then Ac(X \ U) and K \ U) is Zc-closed withxg(X \

U).Thereforex¢ Zc-cl(A), a contradiction m.

Definition 3.11: Let (X,t) be a topological space ad= X. Then theZc-boundary ofA is defined byZc-b(A) =
Zc-cl(A) N Ze-cl((X\ A) and is denoted kxic-b(A).

Theorem 3.12:Let A € (X,7) then

(i) Ais aZc-clopen set iff Zc-b(A) =@

(ii) Ais aZc-closed set iff Zc-b(A) € A

(iii) Ais aZc-open setiff AN Zc-b(A) =0 =

Lemma 3.13:Let A be a subset o(r) then the following holds:

(0 Zc-b(A) = Zc-b(X \ A)

(i) Zc-b(A) = Ze-cl(A)\ Zc- Int(A)

(iii) Zc-b(A) N Zc- Int(A) =0

(iv) Zc-b(A) U Zc- Int(A) =Zc-cl(A) m.

Definition 3.14: Let A © (X,7).Then the seX\Zc-cl(A) is called theZc-exterior ofA and is denoted b¥c-ext(A).
A pointpeX is called ac-exterior point ofA, if it is aZc-interior point of X \ A.

Lemma 3.15:If A andB are two subsets ofX(r),then

(i) Zc-ext(@) = X andZc-ext(X) =@

(i) Zc-ext(A) = Zc-int (X \ A)

(iii) Zc-ext(A) N Ze-b(A) =@

(iv) Zc-ext(A) U Zc-b(A) = Zc-cl (X\ A)
(v) If ACB thenZc-ext(B) c Zc-ext(A)
(vi) Zc-ext(AUB) c Zc-ext(B) U Zc-ext(A)
(viiy  Zc-ext(ANB) o Zc-ext(A) N Zc-ext(B)

4.Zc - Separation Axioms:
Definition 4.1: A topological spaceXt) is said to be

(1) Zc-T, if for each pair of distinct pointg y in X, there exists Zc-open set) such that eithex eU and
yé& U orx¢ U andyeU.

(i) (ii) Zc-T; if for each pair of distinct points y in X there exists tw@c-open setd) andV such thaix
€U buty € U andy €V butx & V.(iii) Zc-T, if for each pair of distinct points y in X, there exists two
disjoint Zc-open set$) andV containingx andy respectively.

Proposition 4.2: A topological spaceXt) is Zc-T, iff for each pair of distinct points, y of X, Zc-cl({x}) # Zc-
cl({y}).
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Proof: Let (X,r) be aZc-T, space and, y be any two distinct points oK. Then there exists Ac-open selU
containingx or y, sayx but noty. Then X\ U is aZc-closed set which does not conta&jrbut containy. SinceZc-
cl({y}) is the smallesZc-closed set containing Zc-cl({y}) € X\ U and hencex ¢ Zc-cl({y}).ConsequentlyZc-
cl({x}) # Zc-cl({y}).Conversely, suppose y & X, x+y and Zc- cl({x}) #Zc-cl({y}).Let p be a point oX such
that p € Zc-cl({x}) but p ¢ Zc-cl({y}).We claim: x¢Zc-cl({y}).Suppose ifx €Zc-cl({y}) then Zc-cl({x}) =Zc-
cl({y}).This contradicts the fact that pgZc-cl({y}).Consequentlyx belongs to th&c-open setX \Zc-cl({y}) to
whichy does not belong.

Proposition 4.3: A topological spaceXt) is Zc-T, iff the singletons ar&c-closed.

Proof: Let (X,r) beZc-T; andx be any point oK. Suppose € X \{x},then x # y and so there existsZz-open set
U such thaty €U butx ¢ U. Consequently eU € X \{x} that is X \{x}= U{U : y eX \{x} which is Zc-open.
Conversely, Suppos®] is Zc-closed for everp eX. Letx, y eX with x # y.Now x=y impliesy € X \{ x}.Hence

X\ {x} is a Zc-open set containingbut notx. Similarly X \{y} is a Zc-open set containingbut noty. HenceX is

aZcT, space m.

Proposition 4.4:The following statements are equivalent

0] Xis Zc-T,
(i) Letx eX. For eacly+x , there exists Zc-open set containingx such thay ¢ Zc-cl(U)
(iii) For eachxe X, N{Zc-cl(U):U eZcO(X) andx eU}={ x}.

Proof: (i)=(ii) : SinceX is Zc-T,,by definition there exist disjoirEc-open setd) andV containingx andy
respectively. SoJ € X\ V. ThereforeZc-cl(U) € X\ V .Soy ¢ Zc-cl(U).

(i) = (iii) : If for somey=+ x, we havey € Zc-cl(U) for everyZc-open setU containingx which then
contradicts

(ii). (iii) =(i) : Letx, y € X andx # y. Then there exist&c-open setJ containingx such that ¢ Zc-cl(U).Let
V= X\ Zc-cl(U) theny e V andx €U and alsdJN V=0 m.

Definition 4.5: A spaceX is called

(i) 6T,-space iff for eachx # y in X there exists disjoint 8-open setsU, V such thatxeU andye V.
(i) Zc-Regular space iff for eack in X and af-closed sef such thak ¢ F, there exists disjoinZc-open sets
open setd), V such thak eU andF c V.

(i) Zc*-Regular space iff for eaclt €X and aZc-closed seF such thak €F, there exist disjoint setd, V such
thatU is@-open,VisZc-open ank €U, F CV.

(iv) Almost Zc*-Regular iff for eachx in X andF aZc-regular closed set such thet F, there exists disjoint sets
U, V such thatJ is 8-open,V is Zc-open andk eU, F cV.

(v) Zc-Normal space iff for every disjoinf-closed setd,, F, there exists disjoinZc-open setd),V such that
F, €U, F, cV.

Proposition 4.6: A spaceX is Zc-regular iff for every x eX and eaclf-open sel in X such thatx eU, there
exists arZc-open seV such thav c Zc-cl(V) c U.

Proof: Let X be aZc-regular space ande X. LetU be#-open inX such thak eU. ClearlylU isa  6-closed set
andx & U.Then there exist disjoiric-open set®/,W such thak € V, U € W .Hencex € V < Zc-cl(V) € Zc-cl(W)
C W < U. Conversely, leE be a §-closed set such thag F.Clearly F is anf-open set anst€ F.Then there
existsZc-open seV such thak € V € Zc-cl(W) € F.Thenx € V, F € Zc-cl(V) and thus/ and Zc-cl(V) are disjoint
Zc-open sets. Henceis aZc-regular space m.

Proposition 4.7:

(i) A spaceX is Zc*-regular iff for every x eX and eaclZc-open set) in X such thak €U, there exists &-open
setV such thak e V c Zc-cl(V) € U.
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(ii) A spaceX is Almost Zc-regular iff for everyx € X and eacltf-regular open sat) in X such thaix eU, there
exists arZc-open seV such thak € V € Zc-cl(V) € U.

(i) A spaceX isAlmost Zc*-regular iff for everyx € X and eaclZc-regular open séf in X such thak eU, there
exists af-open seV such thak e V ¢ Zc-cl(V) € U.

Proof: Similar to Proposition 4.6 m.

Proposition4.8: A spaceX is calledZc-normal iff for every 8-closed sefF < X and eachf-open setJ in X such
thatF cU there exists adc-open seV such thaF cvV c Zccl(V)cU m.

Proposition 4.9:1f X is bothZc-normal andfT,-space, theiX is Zc-regular.
Proof: Letx € X andU be anf-open set such thate U.Then {} is 0-closed subset of. Thus there exists Zc-
open seV¥ such that ¥} €V < Zc-cl(V) € U. By Proposition 4.8, XEV
c Zc-cl(V) € U and hence by Proposition 4X6,is aZc-regular space m.

5.Generalized Zc- closed sets:

Definition 5.1: A subsetA of a topological space(r) is a generalizedc-closed (brieflyg.Zc-closed) if Zc-cl(A)
c U whenever Ac U andU is open in X,7). A is said to be generalized Zc-open (brieflyg.Zc-open) if its
complemeni \ A is generalizedc-closed in X,z). The family of all generalizedc-closed(resp., generaliz&d-
open) are denoted lyyZcC(X) (resp.,g.ZcO(X)).

Example 5.2: Let X={a ,b,cwith t ={0 , X{a} {b}{ab }}, 7¢ ={X, 0 {b,c}{ac}{c}}. The family of :
Z-open sets ZO(X) = { X,0 {a}{b}{ab}{bc}{ac} Zcopen sets ZcO(X) ={0 , X, {b,c}{ac}}
Zc-closed sets ZcC(X) = {@® , X{a}.{b}}. The collection of g.Zc-closed sets g.ZcC(X) = {0, X,
{a} {b}{c}{b,c}.{ca}} g.Zc-open setsg.ZcOX)={0, X, {b,c} {ac}{ab}.{a}.{b}}.

Theorem 5.3: (i) The arbitrary intersection of ang.Zc-closed subsets oK is g.Zc-closed set ofX .
(ii) The arbitrary intersection of armyZc-open subsets of need not bg.Zc-open ofX.

Proof: (i) Let {4;: i€ | }be any collection ofy.Zc-closed subsets of such than;2; 4; < H andH beZc-open in
X .Given4; is ag.Zc-closed subset of for eachie |,we haveZc-cl(4;) < H for allie |. Hencen;2, Zc — cl(4;)
cH for all ie | and thus Zc-cl(N2,4;) S H. Therefore N;2,4; is a g.Zc-closed set ofX m.
(i) In example 5.2 ,the subseth,§},{ c,a} of X areg.Zc-open but their intersectiorc) is not ag.Zc-open set oK

Remark 5.4: (i) The union of tway.Zc-closed subsets of need not be g.Zc-closed set oK as shown in example
5.2 in which the two subsetb}{{ a} of X areg.Zc-closed subsets ,but their unioalf} is not g.Zc- closed m.

Theorem 5.5:A subsetA of a spaceX,r) is g.Zc-closed iff for eactAS H and H is Zc-open there exists &c-
closed seF of X such thatAc F € H.

Proof: Assume thaf is ag.Zc-closed subset of, AcH andH is aZc-open set irK. Hence Zc-cl(A)< H. PutF=
Zc-cl(A).Thus we geAc F € H. Conversely, assumc H andH is Zc-open set. Given, there existZaclosed
setF of X such thatAc F € H. So Ac Zc-cl(A) € F and henc&c-cl(A) € H. ThereforeA is g.Zc-closed m.

Theorem 5.6:Let A be ag.Zc-closed subset oi(z). ThenZc-cl(A)— A does not contain any nampty closed sets.
Proof: LetF be a closed subset @€-cl(A) - A. SinceX - F is openAc X- F andAis g.Zc-closed, it follows
that Zc-cl(A) € X - F and thusg= € X — Zc-cl(A).This implies that < (X — Zc-cl(A)) N( Zc-cl(A)— A) =0 and
henceF=¢ m.

Corollary 5.7: Let A be ag.Zc-closed set. TheA is Zc-closed iff Zc-cl(A) - Ais closed.

Proof: Let A be ag.Zc-closed set. IfA is Zc-closed then by theorem 5.5¢-cl(A)— A = @ which is closed set.
Conversely, le#Zc-cl(A)— A be a closed set. Then by theorem Z@&¢l(A)— A does not contain any non-empty
closed sets. Sinc&-cl(A)— A is closed subset of itself, th&a-cl(A)— A = @ which implies thatA = Zc-cl(A) and
soAisZc-closed m.
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Corollary 5.8: If A is open and ag.Zcclosed set of X, then A is g.Zcclosed in X
Proof: Let U be any open set oK so thatA € U. SinceA is open and @.Zc-closed sets oK, we have Zc-
cl(A) € A. ThenZc-cl(A) € AcU and sAAis ag.Zc-closed set m.

Theorem 5.9: For any elementpe X of a spaceX , the setX \{p} is a g.Zc-closed or Zc-open.
Proof: Suppose thaX \{p} is not anZc-open set. TheX is the onlyZc-open set containing X
\{p}.Then Zc-c(X \{p}) € X and thusX \{p} is g.Zc-closed inX m.

Corollary 5.10: For a topological spaceX(f), every singleton ofX is either g.Zc-open or Zc-closed.
Proof: Let (X,;r) be a topological space ange X. To prove that g} is either g.Zc-open or
Zc-closed, enough to shot\{ p} is eitherg.Zc-closed oiZc-open. Then the proof follows from theorem 5.M.

Propositon 5.11: If A is a g.Zc-closed set ofX such thatAc B cZc-cl(A) then B is g.Zc-closed inX.
Proof: Let U be an open set of such thatB cU.Then AcU. SinceA is ag.Zc-closed set oK, we have Zc-
cl(A) €U. Now Zc-cl(B) =Zc-cl(Zc-cl(A)) = Zc-cl(A) €U.ThereforeB is g.Zc-closed inX m.

Proposition 5.12:1f A is both open and @Zc-closed subset of a topological spa¥e) thenAis Zc- closed.
Proof: Assume tha# is both an open andgeZc-closed subsets aX, thenZc-cl(A) €A. HenceA is Zc-closed m.

Theorem 5.13:1f A is both open and @Zc-closed subsets of andF is ad-closed set oK, thenANF is g.Zc-
closed inX.

Proof: Let A be an open and@Zc-closed subsets of andF be ad-closed set irX. Then by proposition 5.12A
is Zc-closed. SOANF is Zc-closed and therefo®F is ag.Zc-closed set of Xm.

Theorem 5.14: (i) If A is §-closed andB is ag.Zc-closed subset of a spade thenAUB is g.Zc-closed.
Proof: Suppose thadUB is a subset of aAc-open set sai, thenAcH andB cH. GivenB is g.Zc-closed, then
Zc-cl(B) €H and henc&UB < AUZc-cl(B) €H .But AU Zc-cl(B) is a Zc-closed set. Hence there exiZ@closed
set, AU Zc-cl(B) of X such that AUB<S AU Zc-cl(B)<H. By theorem 3.5,AUB is g.Zc-closed.
(i) If Alis and-open andB is ag.Zc-open subset of a spa¥ethenANB is g.Zc-open.

Proof: Obvious m.

6. Zc-generalized closed sets:

Definition 6.1: A subsefA of a topological spaceX(r) is aZc- generalized closed (briefBc.g-closed) if Zc-cl(A)
c U whenever Ac U andU is Zc-open in K,7). A is said to beZc- generalized open (brieflgc.g-open) if its
complementX \ A is Zc- generalized closed inXfr). The family of all Zc- generalized closed(resgZe-
generalized open) are denoteddaygC(X) (resp..Zc.gO(X)).

Example 6.2: Let X={ab,cd} with 1 ={@0 , X{a}{b},{c}{ab}{b,c}{ca}l{ab.c}}, ¢ =X 0
{bcd} {acd {abd}{cd {ad}{bd,{d}}. The family of Zc-open sets 2ZcOX) ={o , X
{a,d} {b,d},{ c,d},{ a,cd}{abd}{bcd} Zcclosed sets ZcC(X) = {0 , X{ac}{b.c}{ab}{b}{c}{a}}
The collection of all Zc.g-closed setsZc.gC(X) = { @, X, {a}{b}{c}.{ab}{b,.c}{ca}{cd}{ab,.c}}
Zc.g-open setsZc.gO(X) ={ @, X, {b,c,d} {a,c,d} {ab,d} {c,d} {b,d},{ a,d}{ ab}{d}}.

Propositon 6.3:The intersection of Zc.g-closed set and Zc-closed set is alwayZc.g-closed m.

Proposition 6.4:1f A is Zc-open andZc.g-closed therA is Zc-closed.

Proof: Suppose thaA is Zc-open andZc.g-closed. Sinceé is Zc-open andA € A we have Zc-cl(A) € A, alsoAc
Zc-cl(A).ThusZc-cl(A) = A. HenceA is Zc-closed m.

Proposition 6.5:Let A beZc.g-closed set inX,t) andA €B < Zc-cl(A), thenB is a Zc.g-closed set irX.

Proof: Let A be aZc.g-closed set such thatcB < Zc-cl(A). LetU be aZc-open set oK so thatB € U. SinceA is
Zc.g-closed, we havéc-cl(A) € U. Now Zc-cl(A) € Zc-cl(B) ©  Zc-cl(Zc-cl(A)) = Ze-cl(A) € U. HenceZe-cl(B) <
U whereU is Zc-open. ThuB is a Zc.g-closed inX m.

Lemma 6.6:For a spaceX,t) the following are equivalent:

(i) Every subset oKX is Zc.g-closed.

(i) ZcO (X,r) = ZcC(X1)

Proof: (i) =(ii): LetU € ZcO (X,7).Then by hypothesi4) is Zc.g-closed which implies thatZc-cl(U) € U, soZc-
cl(U) = U. HenceU will be in aZc-closed set. Also leV e ZcC(X,r). ThenX—Ve ZcO (X,r).Hence by
hypothesis X—V is Zc.g-closed and thenX—V e ZcC(X,7).Thus Ve ZcO (Xr),then we haveZzcO(X,tr) =
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ZcC(X,7). (ii) =(i) : Let Ac (X,1) such thatAc U whereU € ZcO (X,r). ThenU € ZcC (X,r) and hence
Zc-cl(U) € U which impliesA is Zc.g-closed.

The following example illustrate the above lemmaa.

Example 6.7:Let X={a b,cjwith 7 ={@, X{a} {b}.{ab}{bc}}, t°¢={X 0 {b,c}{ac}{c}{a}}. The family
of Zc-open sets ZcO(X) ={@ , X, {bc}{a}} Zcclosed sets 2zZcC(X) = {@ , X{a}.{bc}}
Zc.g-closed setsZc.gC(X) ={ @, X, {a} {b} {c}.{ ab}{ b,c},{ c,a}}

Proposition 6.8: A setA of a spac« is Zc.g-closed iff Zc-cl(A) \ A does not contain any non-emgy-closed set.
Proof: proof is similar to Theorem 5.6 m.
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